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1. Introduction.
Let A denote the class of function analytic in the open unit disk
Y ={zeX:|z|<1} with Taylor series
f(z):z+2anzn (1.1)
n=2
and X be the class of functions in A which are univalentin Y . Here (2 denotes
the class of analytic functions of the form

W(Z)=W,Z +W,z° +W,z° +---, (1.2)

analytic and satisfying a condition |W(z)|<1 in Y, known as a class of Schwarz
functions. To recall the principle of subordination between analytic function let the
functions f and g be analytic in Y. Then we say that the function f is
subordinate tog, if there exists a Schwarz function w, such that
f(z)=g(WM2)),(zeY). We denote this subordination by f <g (or
f(z)<9(z),z€Y). In particular, if the function g is univalent in Y, the
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above subordination is equivalent to the conditions f(0)=g(0), f(Y)cg(Y).
The notion of the subordination was extended to quasi-subordination by Robertson
in [29]. We call a function f quasi-subordinate to a function g in Y if there exist
the Schwarz function W and an analytic functio ¢ satisfying |¢(z)|<1 such that
f(z)=e(z)g(W(z)) in Y. We then write f <, g. If ¢(z)=1 then the

quasi-subordination reduces to the subordination. If we set W(z)=1z, then
f(z)=¢(z)g(z) and we say that f is majorized by g and it is written as
f(z)= 9(z) in Y. Therefore quasi-subordination is a generalization of the

notion of the subordination as well as the majorization that underline its
importance. Related works of quasi-subordination may be found in [12]. Let
f € A begivenby (1.1) and g be given by

g(z):z+anz“. (1.3)

The convolution or Hadamard product of f(z) and g(z) isdenotedby (f* Q)
and is defined as

(f*9)(2) = ianbnz”. (1.4)
n=2

Quantum calculus which is very famously called as ( -calculus is a idea which

was based on the method of finite difference rescaling. The difference of quantum
differentials from the ordinary ones is that notion of limit is removed in (-

calculus. The application of g — calculus was initiated by Jackson [14, 15]. He was
the first mathematician who developed (- derivative and Q—integral in a

systematic way. Purohit and Raina [25], Kanas and Raducanu [23] have used the
fractional Q- calculus operators in investigations of certain classes of functions

which are analytic in the open disk. A comprehensive study on applications of —

calculus in operator theory may be found in [5]. Both operators play crucial role in
the theory of relativity, usually encompasses two theories by Einstein, one in
special relativity and the other in general relativity. Special relativity applies to the
elementary particles and their interactions, whereas general relativity applies to the
cosmological and astrophysical realm, including astronomy. Special relativity
theory rapidly became a significant and necessary tool for theorists and
experimentalists in the new fields of atomic physics, nuclear physics and quantum

mechanics. The g —difference operator denoted as D, f(z) is defined by

f(z)-f(az)
D, f(z)=1 z(1-q) for 220, (L5)
f'(0) for z=0,
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and D?f(z)=D, (D, f(2))
From (1.5), we have

o0

qu(z):1+Z[n]qanz"*l,

n=2

where

1-q

), =10
—q

Asq—1 ,[n]q — . For a function h(z)=2z", we observe that

n

(1.6)

im D, (h(2))=lim (), 2" J=n"* =h (2),

where h' is the ordinary derivative.
As a right inverse, Jackson [14] introduced the g — integral

jh(t)dqt: z(l—q)iq” f(zq"),

provided that the series converges. For a function h(z)=2z", we observe that

n+1

4 7 Zn+1 z
h(t)d,t= lim ——=——= [h(t)dt,
!( ), qILT— [n+1], n+1 .!‘( )

z
where J.h(t )dt is the ordinary integral. In the sequel we will use ¢ — operators to
0

the functions related to the conic sections, that were introduced and studied by
Kanas et al. [16]-[22] and examinated by several mathematicians in a series of
papers, see for example Kanas and Raducanu [23], Sim et al. [30], etc. Kharasani
[3] extended original definition to the pP—valent functions generalizing the

domains 2, to 0, , (0<k<,0<a<1) as follows:

Q.= {w=u+iv:(u—05)2 >k?(u-1)° +k2v2}, Q,=0.
Various classes of functions were defined by the fact of membership to the domain
z2f'(z z2f'(z
0, ,, for instance by setting w= p(z)= (2) or p(z)=1+— ( ). We
| f(z) f(z)
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note that the explicit form of function p, , that maps the unit disk onto the
domains bounded by (2, , and such that 1 (2, , is as follows

1+(1-2a)z 20-a), ,1+z
)= =27 Z2)=1+ lo ,
pOa( ) 1_2 pla( ) 72_2 g 1_\/E
-« L 1+47) KP-a
———cos| A(k)ilo - O<k<l1,
)= :
Pl l-a | =« Jz k?—a
7 Sin Kl —=t||+——F k>1,
k?—1 2k(t) |t k?—1
with t € (0,1) chosen such thatk = cosh w
4k(t)
By virtue of the properties of the domains, for p < p, , , we have
K+a
Rp(Z)ZR(pk,a(Z))>k—-
+1

Note that Kanas and Sugawa [20] proved the positivity of coefficients of the
functions p, , that implies positivity of p, , for 0 <« <1. Also, we note that the

domains (2 , are symmetric about real axis and starlike with respect to 1.
The error function erf defined by [1]

B 2 ’ ) B 2 x (_1)n22n+1
erf(z)—ﬁjexp(—t )dt_\/;;(znﬂ)n! , (1.8)

is the subject of intensive studies and applications during the last years. Several
properties and inequalities of error function can be found in [4, 8]. In [10] the
authors study the properties of complementary error function occurring widely in
almost every branch of applied mathematics and mathematical physics, e.g.,
probability and statistics [7] and data analysis [13]. Its inverse, introduced by
Carlitz [6], which we will denote by inver f, appears in multiple areas of
mathematics and the natural sciences.

Let E, f (see [28]) be a normalized analytic function which is obtained from (1.1),
and given by

o0

_ n-1_n
Erf=z+z (=1)"z .
= 2n-1)(n-1)!
Motivated by [12, 17], we define the following classes.
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Definition 1. Let 0<q<1, y e X\{0}, and let p, ,(z) be defined as in (1.7).
The functions f,g € A are in the class SZg(q,;/,( Py o )) if
zD,(f*g)(z
1_E+§( o F*9)( )J< P.(2) (zeY). (1.9)
y U (f=g9)(2)
Simillarly a function f € A is in the class SXg(q,y,( Py )) if

_E+E(Dq(qu(f*g)(z))

1

Ko €Y).
7 7\ D)) j“"(z) (2eY)

Let ¢(z)=1+c,z+cC,z° +---(c, >0) be an analytic function with positive real
part on 'Y which maps the open disk Y on to a region starlike with respect to 1
and symmetric with respect to the real axis. Let ¢(z)=d, +d,z+d,z* +--- and

Id_|<1.

(]
Definition 2. Let 0<q<1, y € X\{0}. By Szg(q,y,(/ﬁ) we mean a family that
consist of the functions f, g € A satisfying quasi-subordination

1(2D,(f*g)(z) )
?( (f*g)(2) 1]<“¢(Z) HEen

[]
and let the class S)(g(q,y,qzﬁ) consist of the functions f € A satisfying quasi-
subordination

1[Dq(qu(f*g)(z))

— -1|< z)-1 (z€Y).

v\ Dy(fxg)(z) J o A2)=1 (22Y)

The principal significance of the sharp bounds of the coefficients is the
information about geometric properties of the functions. For instance, the sharp
bounds of the second coefficient of normalized univalent functions readily yields
the growth and distortion bounds. Also, sharp bounds of the coefficient functional
| a, — 25 | obviously help in the investigation of univalence of analytic functions.

Apart from these n-th coefficient bounds were used to determine the extreme
points of the classes of analytic functions. Estimates of Fekete-Szeg6 functional for
various subclasses of univalent and multivalent functions were given, among other,
in [9, 26, 27].
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In this paper, we obtain coefficient estimates for the functions in the above defined
class for (Q-—difference operator associated with subordination and quasi

subordination.
The following lemma regarding the coefficients of functions in (2 are needed to
prove our main results.

Lemma 1. [2] If we £2 then |w, —tw/ |< max{1,|t |}, for any complex number t
. The result is sharp for the function W(z )=z or w(z)=z°.

2. The Fekete-Szegé functional associated with the conic sections.
In this section we will consider the behaviour of the Fekete-Szegé functional
defined on the classes related to the conical domains.

Theorem 1. Let 0<k <o, 0<a <1, 0<q<1, y € X\{0} and let

P (Z)=1+p,z+p,z°+---and f eSZg(q,;/,( Pe.. ))- Then for any complex

number 1,

la, - |< l7|p, ax{l,lﬁ 2,02 Zﬂtz)sps o, |}’ 2.1)

2|b;| o P, 2b; p;

where p, =[2],-1and p;=[3], -

Proof. If f eSZg( 7Py )), then there exist a Schwarz function w e 2 of the

form (1.2) such that
_g+g(qu( fg)(2)

y v (fxg)(z)

We note that

zD,(f*g)(2)
(f+g)(z)

and
pk,a(W( z )): 1+ p,W,Z +( pW, + p2W12 )22 +( P.Ws; +2 PW, W, + pe,Wl3 )23 +ee. (2-4)
Applying (2.2), (2.3) and (2.4), we obtain

J< P (W(Z)) (zeY). (2.2)

=1+([2], - 1)a,b,z +(([3], —1)asb, +(1-[2], yasbs )z% +--- (2.3)

a,= e (2.5)
2b,([2],-1)

and

a=— P |y, —[_ P Py wa : (2.6)
2b,([31, -1) P 2(2],-1)

Hence, by (2.5) and (2.6), we get the following
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2 P43

— - /. — 2
o 183 = S (e ) @7)

where

t:_&_Lbﬁ([Z]q —1)— uby([3], —1)}401.

Py 2b;([21, -1)°
The result (2.1) is established by an application of Lemma 1.

Theorem 2. Let 0<k<w,0<a<1,0<q<1, y € X\{0} and let

P (2)=1+p,z+ p,z°+--. For f e&Xg(q,;/,( P... )) and for any complex
number g, it holds

2 2
|71 P max 1’|&+b2 [Z]quz_ﬂzbSEB]qps
2|b; | [B]qp3 P, 2b, [2]q P
where p, =[2],-1and p,=[3],-1.
The result (2.8) is established by an application of Lemma 1.
R S G i

Ifg(z)=E, f=z+

= 2n-1)(n-1)!

| a, _/Jaz2 |S P, |}’ (2-8)

in the above Theorems 1 & 2 then we get

the following
corollaries, which are closely related to the results by Ramachandran ([28],
Theorem 2.1).

Corollary 1. Let 0<k <o ,0<a<1,0<qg<1, y € X\{0} and let

P (Z)=1+p,z+ p,z° +--- and f egz(q,;/,( Py o )). Then for any complex
number

S5lyIp P, 100, —9up,

|a, — @] K 2L maxd 1,| 2+ =2 "0 |t (2.9)
*T B, -1 P 20p

where p, =[2], -1 and p,=[3],-1.

Corollary 2. Let 0<k<ow,0<a<1,0<q<1, y e X\{0} and let

P (2)=1+pz+ p,z° +---and f e .9X(q,;/,( Py o )). Then for any complex
number y,

o atje Sl P 10RIep: —9uBlepy
3 2 ’
)

< 14,210
[31,([3], -1 o, 2021202 '}( )
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where p, =[2],-1and p;=[3], 1.
3.The Fekete-Szego functional associated with the quasi-subordination.
Theorem 3. Let 0<q<1, yeX\{0}. If f is of the form (1.1) belongs to

(]

SZg(q,;/,qé), then

|a2 IS |7|C1 ,
(21, - Db, |

|a3|sL C, +max:c,, 71 +|c2|} : (3.2
(Bl DI, | [2],-1

and for any complex number

Y L ([z]q_l)bzz_ﬂ([3]q_1)b3 2 33
|a; - 12, IS([B]q_1)|b3l[Cﬁmax{cl,l (@21, -1 ||7|01+|Cz|}j- (3.3)

(3.1)

0]
Proof. If f GSZg(q,j/,qﬁ) then there exists analytic functions ¢ and w with
|o(z)|£1, w(0)=0 and |W(z)|<1 such that,

1(2D,(f*g)(2) )_ )
;[ (f20)(2) 1j—¢(z)(¢(w(z) 1), (34)

1[ZD“(f*g)(z)—1j= 1[([2]q —1)ah,z+(([3], - 1)agh, + (1 [2], JaZb? )22 +---(3:5)
y\U (f*g)(z) 4

o(2)p(W(z)—1)=c,dyw,z + (cldlwl +d, (c,W, +c,W? ))z2 . (3.6)
From (3.4), (3.5) and (3.6), we get

_ redowy

a, )
(21, -1)b,

and
a,=—"—| c,dw, +c,d,w, +d,| c, + 1, W |,
(131, - 1)b, 2, -1

Since ¢(z) is analytic and bounded in Y, we have ([24], pg 172)
|d. [£1-|d, F<1(n>0).
By using the fact |d, [<1 and |w, |<1, we get
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|a |S |7|C1
T ([21,-1)Ib, |

l7]c, 2
|a, — pay |< —————(1+| w, —tw; ),
B, - D) b | :

where
3], —1)b.
S 131, 2)zg]cldo_C_z_
[2]q _1 ([2]q _1) bZ Cl
Applying Lemma 1, we get

|a —ya2|<¢ ¢, +maxic, | —7 —M/([S]q_l)b3|cz+|c |
R (< A TN CR1,-1 ([R1-o

For £=0, we get

| a, |£L cl+max{cl,M+|c2 |} :
([31, Db, | [2], -1

Theorem 4. Let 0<q<1, yeX\{0}. If f is of the form (1.1) belongs to

[]

9X,(9,7.,¢), then

|a |S |7|01
21,121, - Db, |

la, |< 7] cl+max{c1, 4 Clz +|cz|} ,
[31,([31, — 1)1 b; | 2], -1

and for any complex number g,

s |7 y
&= ) (@ - b

{ [21:([2], ~1)b2y — (3], ([3), - Db, }
x| ¢, +maxic,,| - = l7lc;+lc, ;|
[2]q ([Z]q _1) b2

z
Letting g —1, and g(z)zl—in Theorem 3, we obtained the following
-z

corollary.

68



VARADHARAJAN S. et al.: CERTAIN RESULTS OF ANALYTIC FUNCTION

Corollary 3. [9] If f(z) given by (1.1) belongs to the class X (y,4) and u isa
complex number, then
la, I 7lc,,

ol 2o, + maxd, 17+, 1)

and

o, s I (e, maxe, 17112 2ual e+, )

For y =1, Corollary 3 reduces to the following corollary.

Corollary 4. [12] Let ¢(z)=1+c,z+c,z* +---,c,>0 and
o(2)=B,+B,z+B,z° +---. If f(z) given by (1.1) belongs to the class
2.(#) and u is acomplex number, then

12, - I (0, + maxle, 1- 241+l )

z
Letting q—1, and g(z)zl— in Theorem 4, we obtained the following

corollary.
Corollary 5. [9] If f(Z) given by (1.1) belongs to the class X (7,¢) and u isa
complex number, then

l7lc,

|8, <=

|a, |< |6L|(c1 + max{cl,l r|ci+]c, |})

and
2-3
| 8y —,ua; < |6L|[C1 + max{cl ,|7”—2,U|Clz+ I C, |}}

For y =1, Corollary 5 reduces to the following corollary.

Corollary 6. [12] Let ¢(z)=1+c,z+c,z* +---,c, >0 and
o(2)=B,+B,z+B,z° +---. If f(z) given by (1.1) belongs to the class X,(¢)
and u is a complex number, then

1 3
| a3 _ﬂazz |S g[cl + max{cl,| 1_E,U | C12+ | C, |}J
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